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ABSTRACT 


The  behavior  of  a torque-saturated  servosiechanlsin 
characterized  by  viscous  friction  and  ^ertla  has  been 
studied.  An  Idealized  aat\iratlon  cuz*ve  la  aenuir.ed  and 
the  step  function  response  Is  computed  pleo&wlse;  the 
response  curves  are  given  In  dimensionless  form,  and 
a number  of  useful  auxiliary  curves  are  included. 

The  Integrals  cf  the  absolute  and  squared  error 
have  been  determined  and  plotted,  and  are  ec.ployed  In 
assessing  the  lmpoz*tanoe  of  saturation.  It  Is  found 
that  there  Is  an  optimum  damping  ratio  which  decreases 
with  the  size  cf  the  step  Input,  that  the  system  gain 
In  the  unsaturated  region  can  be  Increased  tc  advantage, 
and  that  the  perfcrmance  of  the  saturating  system  Is 
similar  to  that  of  an  optimum  oft~on  system  for  large 
Inputs  but  definitely  Iziferlor  for  small  Inputs. 
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OPTIMUM  ADJiJJTMaiT  OF  A TCR^US-GATUnAIiD  J£R'/(iMiCHANI3K 


In  the  study  of  simple  positioning  systems » It  is  customary 
to  asstjmo  that  the  torque  developed  by  the  servomotor  Is  directly 
proportional  to  the  error  tetween  the  Input  and  output  shafts. 

It  Is  further  assumed,  tacitly  or  otherwise,  that  this  proport- 
ionality applies  for  errors  of  any  magnitude.  In  3Uiy  physical 
system,  however,  the  mexlnmm  torque  ia  always  limited. 

The  available  torque  may  be  limited  by  satturatlon  of  the 
'amplifier  controlling  the  motor,  olther  accidentally  as  a result 
of  inherent  limitations  of  the  amplifier  or  deliberately  as  a 
means  of  protecting  the  motor  from  excessive  voltages.  Magnetic 
saturation  In  the  motor  itself  ia  another  possible  cause  of  a 
torque  limitation. 

3inoe  torque  saturation  is  probable  in  any  physical  system, 
two  questions  should  be  Investigated;  how  does  a saturated 
system  behave  (analysis),  and  hov;  con  saturation  be  either 
clrcuraventod  or  used  to  advantage  (syhthesio)?  The  analysis  of 
saturated  servoraechanlsms  has  received  some  attentlon^"^,  but 
the  important  question  of  design  has  been  largely  neglected^ . 

The  following  problems  have  therefore  been  Investigated  and  are 
discussed  in  this  report: 

(1)  For  a given  size  input,  what  ia  the  loss  In  transient 
z»eaponae  due  to  saturation? 

(2)  How  can  a saturating  system  be  designed  to  take  bast 
advantage  of  the  saturation? 

(3)  How  does  an  optimum  saturated  servomechanism  compare 
with  an  optlmiuD  relay  servomechanism? 


o 


Faznllles  of  ourvea  ahowlng  the  transient  reaponae  of  a 
'bsisio  aervomeohanlsm  for  various  input  ma^itudas  and  system 
parameters  are  presented,  using  a set  of  dimensionless  quantities 
descriptive  of  the  system  and  the  input.  Response  criteria  are 
applied  to  determine  optimum  parameter  comhinations,  and  the 
results  ore  used  in  a comparative  study  of  severGil  methods  for 
controlling  a particular  servomotor. 


ANALYSIS 

To  facilitate  the  analysis,  a particularly  simple  sort  of 
torque-error  relation  is  considered,  shown  in  Fig.  1.  Torque 

T 


Figure  1.  Torque-Error  Relation 


saturation  occurs  whenever  the  erz*or  exceeds  a orltical  value, 
tig,  called  the  critical  error.  For  errors  greater  than  this 
critical  error,  the  torque  is  constant  (t  Tj^);  for  errors  less 
than  the  critical  error,  the  torque  is  proportional  to  the 
error  (K  e). 

We  also  assume  that  the  system  is  characterized  hy  inertia 
and  friction,  end  that  there  are  no  time  logs  ahead  of  the 
saturating  element.  A block  diagram  of  the  system  under 


c 


7. 


oonaldaratlon  Is  slvon  in  Flg»  2.  In  thlo  dlocram  and  in  the 
analytical  v;ork  which  follov.-a,  " o”  raay  ho  regained  eis  tho  uoual 


Figure  2.  Block-Diagram  of  Torque -Saturated  Servomechanlem 

Laplace  transform  varlahlo  or  as  an  abbreviation  for  d/dt,  the 
differential  operator;  0^,  0^,  and  e are  the  input,  output,  and 
error,  reopoctlvely. 

Only  step  inputs  are  considered  and  tho  system  la  assumed 
to  be  at  rest  when  tho  step  Input  lo  applied* 

The  differential  equations  describing  the  response  of  this 
sezvomechanlsm  are 


= Ke^ 

« > ®C 

J So  + f 6^  = K e -Og 

< ® <«c 

(1) 

= -Ke^ 

where  tho  dots  denote  differentiation  with  respect 

to  time*  If 

these  equations  ore  divided  by  f,  nev/  equations  are  obtained 

II 

o 
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In  which  ■the  time  conotont,  seconds; 


= "the  velocity  constant,  ooccnds”^. 


Using  the  definition  of  the  orror,  o = - ©o»  fact 

that  a step  input  is  being  considered,  ]2q.  (2)  can  be  reduced  to 

'te  + d = 

Before  solving  these  equations  and  discussing  the  solutions, 
it  will  bo  advantageous  to  list  some  additional  parameters  v;hioh 
can  be  used  to  describe  the  systorn: 

T 

Og,  the  limiting  velocity,  radlans/second; 

03q  - — =:  j the  undaopod  natural  frequency, 

J 't  radlans/second; 
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— r-  ■ — , the  damping  ratio,  dimensionless; 


p 


e 


e^  * 


a measure  of  the  erzx>r,  dimonsionless; 
a measure  of  the  initial  error,  dimensionless; 


Q = — j a measure  of  the  error  rate,  dimensionless; 

a^t  , a measLure  of  time,  dinorisionless. 

have  chosen  to  use  ^ , od^,  and  e^  to  describe  a given  system 
and  have  plotted  e/e^  as  a function  of  a'^jt  with  ^ and  P as 
paramotero. 
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In  the  variables  chosen,  the  equations  becomo 
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General  colutions  for  these  equations  are  developed  In  the 
Appendix. 

The  character  of  the  response  to  a step  Input  Is  strongly 
Influenced  by  the  damping  ratio,  S , and  the  initial  error, 

P e^ , and  several  different  cases  con  be  identified: 

(a)  If  P Is  less  than  unity,  the  system  remains  within 
the  xmeatvirated  or  linear  region  at  all  times. 

(b)  If  P is  greater  thon  \mlty  and  !S  is  greater  than  0.287, 
the  system  is  Initially  in  the  saturated  region,  reaches 
the  linear  region  at  a time  t^»  and  then  remains  in  the 
linear  region. 

(c)  If  P is  much  greater  then  unity  and  ^ is  less  than  0.28”^ 
the  system  may  go  from  the  saturated  region  into  the 
linear  region  and  thon  retxim  to  the  saturated  region. 

The  three  cases  may  be  considered  separately.  Only  positive  values 
of  P need  to  bo  treated,  since  the  response  for  a negative  P is 
identical  except  for  sign  with  the  response  for  the  same  positive 
P. 


In  general,  the  xnasponso  is  determined  pleoe-Ar/ise,  applying 
the  differential  equation  appropriate  to  the  region  and  taking 
advantage  of  the  continuity  of  the  error  and  error  rate  at  the 
time  of  transition  from  one  region  to  another. 


(a)  If  the  initial  error  Is  leoe  than  the  critical  error  {P  < 1) , 
the  syatem  x^aponae  la  given  for  a21  time  by 

= P e*^**^^  |^C»V  I - V s^nV » - y J (5) 

which  la  obtained  from  Eq.  {/£)  of  the  Appendix  by  ualng  the 
Initial  condition 


= Q(o)  = 0 (6) 

Cur\rea  baaed  on  ISq*  (5)  ere  available*^  and  con  easily  be 
adjuated  to  aoooxint  for  different  values  of  F. 


(b)  If  the  Initial  error  la  greater  than  the  critical  error 

(F  ^ 1)|  the  Initial  x>ortlon  of  tne  aystein  reaponse  la  given 
by 


e 


(7) 


obtained  from  Eq.  (D3)  of  the  App>endlx  and  the  Initial  condition 
of  2q.  (5)  above.  C\irvea  based  on  thlo  equation  are  presented 
in  Fig.  3.  Equation  (7)  applies  \uxtll  a time  t^  at  which  the 
error  la  equal  to  the  critical  error;  this  time  con  be  found 
graphically  from  Fig.  3 by  construction  of  a horizontal  line 
at 

— - ? = 1 - P (8) 

®c 

The  dashed  lino  shown  In  Fig.  3 la  such  a line  for  F = 6. 
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Knowing  the  error  rate  when  the  syotem  enters  the  linear 
region  can  be  computed  using  (D4-)  with  = 0;  results 
of  such  computations  ore  summarized  In  Fig.  4,  in  which 


^1  = 


2 ^ 
®o®c 


e(t^)  , 


(9) 


the  ratio  of  the  actual  erx*or  rate  to  the  maximum  error  rate. 


Within  the  linear  region,  the  response  will  be  given  by 


= e 


I ttlX  4-  - - SW\|l-’S* 

L Vi  - 


(10) 


where  x = t - t^  «id  may  be  obtained  from  Pig.  4,  It 
o«y  be  noted  this  response  can  be  plotted  from  the  previous 
8q.  (5)  by  setting  F = 1 and  adding  a term  to  accovint  for  the 
initial  error  rate. 


It  has  already  been  shown^*^  that,  If  < 3»05,  the  system 

will  remain  within  the  linear  region  after  the  initial  period 
in  the  satvurated  region.  In  the  notation  of  this  report , the 
requirement  is 

^ g"V  3>53  ' ” 

from  the  relations  on  p.  4.  Thus  for  = 0.3,  0.5,  or  0.7, 
the  system  does  not  re-enter  the  saturated  region  and  the 
response  curves  con  be  oalotilated  from  £qc.  (7)  and  (10). 
Families  of  response  oxirves  for  these  damping  ratios  ond 
several  values  of  P are  given  In  Figs.  5-7 • 


( 
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(c)  If  P Is  lorQQ  sr.cugh  and  Is  less  than  0.287,  say  0.2  or 

0.1,  the  system  will  cross  the  linear  region  and  continue 

Into  the  saturated  region,  past  e = -e  . The  time  at  which 

o 

the  system  re-entea  the  i.e.turated  region,  t2 , will  be  a 
function  of  and  JS  which  best  determined  graphically. 

A plot  of  <i>^(t2  - the  tine  required  to  cross  the  linear 

region.  Is  given  In  Fig.  8. 

Knowing  the  time  spent  In  the  linear  region,  the  velocity  at 
tine  t2  can  be  calculated  from  Sq.  (A?)  using  P = 1 and  Ci^  = 
the  results  may  be  expressed  In  terms  of 

tip  ^ SSl.  a(t,)  (12) 

and  plotted  os  functions  of  and  , eia  shown  In  Fig.  9» 
This  figure  shows,  as  does  Pig.  8,  that  thoro  is  no  re-entry 
Into  the  saturated  region  for  !S  =0.2  If  Is  loss  than 
0.55,  or  If  1s  loss  than  O.lO  for  = 0.1.  (From  Fig.  4, 
the  corrosporjilng  values  of  P are  2.55  and  1.4,  respectively.) 
In  ouch  cases,  as  In  the  coses  for  > 0.287,  the  response 
la  ceilculatod  In  two  parts  from  &qs.  (7)  and  (10). 

If  the  system  re -enters  the  saturated  region,  the  next  part 
of  the  response  Is  calculated  from  £q.  (D5)  which  becomes 

Whore  y = t - tg*  The  relative  velocity  Qg  ^ obtained 
from  Fig.  9* 


Response  curves  computed  from  Eq.  (13),  like  those  shown  In 
Figs.  10  and  11,  can  be  used  to  determine  the  time  Interval, 


(tj  - t2),  spent  in  the  saturated  region. 

The  erx^r  rate  at  the  time  of  rd-entiy  into  the  linear  region, 
sx>eolfled  by 

= -S-l-  Hu)  . (lA) 

®o®o 

can  then  be  computed  and  plotted  as  a function  of  ^ and  either 
(ig*  ^1#  or  r.  The  moat  useful  combination  is  probably  as  i 
fxmctlon  of  shown  In  Fig.  12. 


With  the  curves  already  presented,  sufficient  Information  is 
available  to  permit  efficient  calcxilatlon  of  the  response  for 
any  combination  of  Initial  error  and  system  parameters.  The 
pxxKjedure  may  bo  understood  by  reference  to  Fig.  13. 


Figure  13.  Typical  Torque -Saturated  Sorvomochaniom  Response 


r "illlirTrTi' -ir 


(t-t.) 


The  ooloulatlona  provloualy  outlined  give  the  x^aponae  for 
0 < t < t^.  If  la  amoU  enough,  the  ay  stem  remains  in  the 
linear  region  for  t > t ^ and  Eq.  (10)  can  bo  used  to  compute 
the  x*emaindor  of  the  x^aponao  by  aubatituting  for  and 
revereing  the  aigna  of  both  terms. 

If  there  are  euiditioxial  x*e-entriea  into  the  saturated  regions, 
as  shown  in  Fig.  13,  the  roaponao  for  t-,,  < t < t^  io  oomputod 
in  the  same  \foy  aa  the  x*eaponse  for  ^ ^ 
with  appx^priate  sign  changes.  Similarly,  the  x*esponae  for 
t4  < t <tg  can  be  oomputod  from  iSq.  13  by  changing  the  sign 
of  all  terms.  The  error  rates  at  t^  and  t^,  specified  in  terms 
of  (^4  and  can  be  foxind  from  (1^  by  using  Figs.  9 and  12.  The 
same  prooed\ix*e  can  be  employed  as  many  times  as  neoeaaary,  until 
the  ayatem  leaves  the  saturated  regiona  for  the  last  time,  when 
Eq.  (10)  can  be  used  to  oonputo  the  remainder  of  the  response. 

Figuz*e  12  can  be  \xsed  to  determine  the  number  of  times  that 
a given  system  will  enter  the  saturated  regions  in  response  to 
a apeoified  input.  Suppose,  for  example,  that  S =0.1  arvi 
P = 5»  From  Fig.  4,  we  fixki  = -0.47.  From  Fig.  12,  the 
ex*x*or  rates  at  subsequent  entries  into  the  linear  region  oxo 
= 0.30,  and  = •0.175;  does  not  exist.  This  system 

will  therefox*e  x*e-onter  the  saturated  region  twice  after  first 
leaving  the  linear  region. 

Flgxxx^  12  can  also  be  used  to  determine  the  maximum  number 
of  times  that  the  system  re-enters  the  saturated  regiona  for 
a given  2 by  aasxuning  that  P is  lcu?ge  enough  to  make  =^. 
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SuoooBBive  applications  of  Fig.  12  show  that  the  maxlmua 
poBBible  number  of  re-entrlee  for  equal  to  0.2  and  0,1 
are,  x^Bpectively , ono  and  four, 

ReBponse  oxuveB  for  ^ equal  to  0.2  and  0.1  ore  given  in 
FijTB.  14  and  15  for  eeverol  voluee  of  P.  Those  curves,  with 
those  of  Figs.  5-7 ( have  been  used  to  determine  the  effects 
of  varying  the  parameters  of  the  eyetea,  to  check  the  results 
of  experimental  work  with  an  analog  computer,  and  to  find 
optimum  parameter  values. 

Since  the  torque-error  o\u*ve  employed  in  these  calculations 
might  be  considered  oomov^hat  unrealistic , due  to  tho  abrupt 
transition  from  linearity  to  satxiration,  some  study  was  made  of 
a system  in  which  the  torque  is 

I = K ®o  (e>0)  (15) 

and 

T(-e)  = - T(e)  (16) 

This  expression  for  the  torque  reduces  to  k e for  small  errors 
and  sq)proaohes  K e^  for  large  errore,  like  the  idealised  ohor- 
ooteristio  used  in  the  previous  oalo\ilations.  The  resxxsnse  curves 

Q 

for  this  system,  computed  by  a step-by-step  method",  are  eimllar 
to  those  presented  in  this  report  and  it  was  felt  that  no  major 
errero  would  result  from  uoe  of  tho  simpler  relation. 


RffiPONSS  CRlTii2UA 


In  order  to  determine  whether  saturation  lo  helpful  or 
harmful  under  any  specified  conditions,  it  is  neoosoary  to  uso 
somo  orlterla  "by  v/hlch  the  "goodness"  of  the  responso  can  he 
meosvired. 

The  time  required  for  the  error  to  roach  any  specified 
value  appears  to  be  an  \ms at is factory  measuro  of  the  rosponse 
for  systems  of  the  typo  considered  here.  Using  the  time  needed 

A 

to  reduce  the  error  to,  aay,  one-tenth  of  the  original  value 
seems  undesirable,  since  such  a criterion  places  too  much 
omphasls  on  a rapid  reduction  of  the  l8U*ge  initial  error  and 
too  little  emxihasis  on  adequate  damping.  A more  satisfactory 
criterion,  the  time  required  for  the  error  to  become  small  or 
negligible,  would  be  somewhat  difficult  to  apply  and  v/o\xld 
require  cgreenent  on  the  mooning  of  " small"  and  " negligible"  . 

Better  measures  of  the  rosnonse  ore  provided  by  the 
integrated  absolute  error 

^ = 

and  the  integrated  squared  error 

^ = 

which,  in  this  report,  are  determined  for  a step  chango  in  the 
system  input.  An  optimum  system  is  defined  as  one  ..'hlch  minimizes 
the  intogral  employed. 

These  integrals  provide  objective  measures  of  respoiise, 
rigidly  defined  and  offering  no  opportunity  for  individual 
interpretation,  but  at  the  same  time  loading  to  optimum  system 


adJUBtmonta  In  aatlafactory  agreamaxit  with  thoae  obtained  by 
intuitive  methoda.  The  Integrated  abaolute  error  criterion,  as 
prevloualy  noted^,  favors  ayatema  with  alightly  more  damping 
than  the  integrated  aquared  ezror  criterion  and  is  acxnewhat 
easier  to  use. 

For  initial  errors  which  do  not  produce  saturation,  the 
system  remains  at  all  times  within  the  linear  region  and  the 
integrated  absolute  error  can  be  computed  from^ 


= ^ 

®o 


- S'  e,  1 

I 

1 - . 


®0  < 


(17) 


v:here 


O'  = 


e,  = 


1 r-p 

tan"^(-l/<T  ) 


(n/2  < <'  n) 


The  integrated  aquared  error  ia^^ 


A2  =s 


J!s 

a 


[^] 


®o  < ®f 


(18) 


For  initial  ezrora  greater  them  the  critioea  error,  which 
do  pzoduco  saturation,  the  integrals  can  be  evaluated  either  by 
numerical  integration  using  the  calculated  response  cuzvea  or  by 
direct  measuz*ement  \islng  an  azialog  computer.  The  values  of 
plotted  in  Fig.  IS  were  obtained  from  the  calculated  respozises 
cuz*vea  using  a planimeter,  vdiile  the  values  of  in  Fig.  17 
were  obtained  experiment  ally  Both  sets  of  curves  have  been 


*See  Api^endix  II  and  Reference  10. 

^A  detailed  description  of  the  experimental  procedure  is  given 
in  Reference  12. 


|e|  dt 


DAMPING  RATIO  (!) 
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plotted  to  ohov/  the  Integrated  absolute  or  squared  error  v/lth 
respeot  to  the  values  for  or  P = 1;  In  particular,  the 

vert.loal  scales  have  been  adjusted  to  produce  a mlniaum  value 
of  unity  for  P = 1*  olnoe  the  true  values  can  be  calculated  for 
this  case  from  iSqs*  (17)  and  (18),  the  actual  values  for  any 
other  case  con  be  determined  from  the  graphs  by  a simple  pro- 
portion* To  facilitate  such  conparlaons,  computed  vrlues  of 
and  A2  are  given  In  Tablo  1* 


damping  Ratio 

Vo 

0 

8 

0.1 

6.384 

2.600 

0.2 

3.341 

1.450 

0.3 

2.364 

1.133 

0.4 

1.924 

1.025 

0.5 

1.712 

1.000 

0.6 

1.618 

1.017 

0.65 

1.606 

0.7 

1.608 

1.057 

0.8 

1.631 

1.113 

0.9 

1.004 

1.178 

1.0 

2.000 

1.250 

Tablo  I.  SiTor 

Integrals  for  0^ 

II 

0 

0 

For  any  Initial  error  and  using  either  criterion,  there  Is 
eui  optimum  damping  ratio  vrhlch  ropi^esonto  a compiromloe  between 
a rapid  reduction  of  the  error  In  the  saturated  region  ar*d 
odequate  damping  after  the  system  Is  within  the  linear  region. 
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The  optlmuin  damping  ratio  lo  oonatant  for  linear  operation  of 
the  ayatem  (P^l)  and  decreases  with  P when  saturation  occurs. 
From  F3ff.  16,  the  optimum  damping  ratio  determined  using  the 
Integrated  absolute  error  criterion  la  seen  \o  be  about  0.65 
for  P 4 decreasing  to  about  0.25  for  P = 9»  Using  Fig.  17 
and  the  Integrated  squared  error  criterion,  the  corresponding 
values  of  damping  are  0.50  and  approximately  0.20. 

The  correlation  betv;oen  the  optimum  values  of  damping 
ratio  determined  from  Figs.  16  and  17  and  those  obtained  by 
empirical 'methods  can  be  studied  with  the  help  of  Fig.  16, 
v/hlch  shows  the  response  curves  for  several  different  damping 
ratios  and  an  Initial  error  <fhlch  lo  five  tines  the  critical 
error  (P  = 5).  According  to  Figs.  16  and  17,  the  recommended 
damping  ratio  lo  either  0.35  or  0.25,  depending  or.  the  criterion 
employed.  An  Intuitive  Judgment  vrould  probably  result  In  a 
damping  ratio  bet./een  0.3  and  0.5* 


I 

!' 

i 
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APPLICATIONS 


The  data  oontolned  In  Fige.  15  and  17  can  bo  applied  In  a 
variety  of  ways  to  study  the  advantaces  or  dlsadvontaeos  of 
saturation. 

The  first  question  considered  In  the  loos  In  performance 
8LS  a result  of  saturation,  measured  by  the  Increase  In  the 
Integrated  absolute  or  squared  en^r.  The  standard  for  this 
comparison  Is  a hypothetical  linear  system  which  is  Identic eil 
with  the  saturating  system  for  small  ox»rors  and  which  has 
unlimited  torque.  The  torque-error  characteristics  of  these 
systoma  aro  given  In  Fig.  19 • 


Figure  19*  Torque-3rx*or  Characteristics  of  (a)  Linear  System 

and  (b)  Saturating  System 

The  comparison  Is  facilitated  by  plotting,  say,  the  values 
of  os  a function  of  Oq/®c»  ohown  In  Fig.  20.  In  the  linear 
region,  the  cxirvos  oro  straight  lines  with  unit  slope,  as  may  be 
seen  from  3q.  (17)  • Foi’  Initial  errors  larger  than  the  crlti.cal 
error,  the  Integrated  absolute  error  for  the  saturating  system 
increases  rapidly  and  finally  attains  a slope  of  two,  v;hlch  Is 
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characterlailc  of  rate-limited  ayoteitiB^^.  For  5S  = 0.6  and 
r = 9,  whore  the  Integrated  abooluto  error  would  be  expected 
to  be  (9)(1*618)  = 14.56  unit a for  a linear  ayatem,  the  value 
of  for  the  saturating  ayatem  la  about  53  unlta,  or  an  Increaao 

of  approximately  3.6  tlmoa.  For  'S  = 0.3,  the*  corroapondlng 
Innroaao  la  from  (9) (2 .364)  = 21,3  to  38,  or  about  1.8  tlmoa. 

The  poorer  roaponao  of  the  aatxiratlnc  ayatem  can  be  traced,  of 
courae,  to  the  limitation  on  the  torque  available  for  correcting 
errora . 

The  Information  In  Flga.  16  end  lY,  plotted  In  the  form 
uaod  In  rig.  20,  can  alao  bo  employed  for  a determination  of 
the  beat  value  of  K,  the  alope  of  the  torque-error  charactt.rlatlc 
In  the  linear  region.  An  an  example,  we  might  conaidor  a ayatem 
for  wlilch  r.  = 1,  CD  = 1,  0.6,  and  e - 1,  Dlx  -n  by  the  aolld 

curve  In  Fig.  21,  Since  the  maximum  available  torque  la  fixed, 
changing  K merely  chongea  e^, , cd^  , and  \S  » v;hllc  leaving  the 
limiting  velocity  and  time  conatont  unchanged. 


Figure  21.  Torque -'jaTTor  Charactorlatlce  of  Saturating  Gyotem 
for  Threo  Voluea  of  K:  (a)  K = 1,  (b)  K = 2,  and 

(c)  K = 0.5 
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The  Important  syotora  parometoro  are  given  In  Table  II  for 
varloua  values  of  K. 


K 

0.25 

0.50 

1 

2 

4 

9 

®o 

0.50 

0.71 

1.00 

1.41 

2.00 

3.00 

s 

1.20 

0.85 

0.60 

0.425 

0.30 

0.20 

4.00 

2.00 

1.00 

0.50 

0.25 

0.11 

Table  II 

In  plotting  the  curvoo  of  integrated  absolute  error  as  a 
fuinctlon  of  initial  error,  we  proceed  os  follows.  The  curve  for 
K = 1 raay  be  traced  directly  from  the  curve  for  ^ = 0.6  in 
Fig.  20.  To  obtain  the  cvirve  for,  say,  K = 4,  we  may  first  plot 
a straight  line  through  the  point  Oq  = 1,  = 1.18  (computed 

from  liq.  (17)  or  simply  take  = 5.364  for  t=  0.3  from  Table  I 
and  divide  by  2 to  account  for  the  change  in  Oq)  with  unit  slope; 
this  line  doscrlbea  the  variation  of  with  e^  for  initial 
errors  loss  than  0.2 5.  The  curve  for  initial  errors  greater  than 
0.25  lo  obtained  by  tracing  the  curve  for  IS  = 0.3  from  Fig.  20, 
after  shifting  the  curve  to  the  left  and  dovm  00  that  the  point 
at  F = 1 coincides  v/ith  the  nev/  value  of  at  e^  = O.25.  These 
curvof,  and  a number  of  similar  curves,  are  sho-n  in  Fig.  22. 

Iruipectlon  of  Fig.  52  reveals  two  Interesting  properties  of 
this  system.  First,  for  errors  v;hlch  are  too  small  to  produce 
saturation,  the  integrated  absolute  error  1s  a continuously 
decreasing  function  of  gain,  as  expected^.  Jocond,  for  errors 
much  larger  than  the  critical  error,  the  integrated  absolute 
error  appears  to  bo  Independent  of  K.  This  result  may  best  be 
understood  by  study  of  a family  of  response  surveo  for  various 
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values  of  K,  shown  In  Fig.  23,  in  drawing  those  cioves.  It  was 
assumed  that  the  Initial  error  was  Just  sufflolont  to  saturate 
the  system  for  K = 1,  so  that  the  response  is  entirely  within 
the  linear  region.  As  K is  increased , the  crltioal  error  becomes 
smaller  and  the  time  within  the  saturated  region  increases.  For 
tho  larger  values  of  K,  the  initial  portion  of  the  response  is 
practically  identical  for  the  veu:*iouB  curves.  In  the  limit,  as 
K approaohes  infinity,  the  system  would  effectively  become  a 
visoous-damped  relay  system  v-rhose  integrated  absolute  error  is 
a definite,  non-zero  quantity.  This  behavior  is  in  distinct 
oonstraat  with  that  of  a linear  system,  whose  Integrated  abaolute 
error  approaches  zeiro  as  K approaches  Infinity. 

Svidently,  then,  it  is  advantageous  to  make  K as  large  as 
possible.  In  a physiool  system,  saturation  oon  be  produced  for 
small  errors  by  the  Ijisertion  of  a high-6&ln  amplifier  between 
the  ez^r-sensing  device  and  the  saturating  element,  which  may 
be  the  amplifier  driving  the  servo  motor  or  the  motor  itself. 

This  type  of  control  provides  some  of  the  advaustages  of  relay 
control.  While  pezmitting  an  adequately  damped  linear  respozise 
for  small  errors. 

For  a motor  oharaoterizod  by  inertia  azid  friction,  the 
best  method  of  control  is  an  adapt  at  ion^^  of  the  off -on  system 
proposed  by  KcDonald^^.  In  this  system,  full  acocleratizig  torque 
is  applied  to  the  output  shaft  vmtil  the  error  is  z*eduoed  to  a 
specified  value  (dependent  on  the  iziitial  ez*ror);  deceleratizig 
toz^ue  is  then  applied  to  brizig  the  error  and  ezror  rate  to 
zez*o  simultaneously,  when  the  torque  is  z*emoved.  Switohixig  is 
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Inltiatod  by  a nonlinear  lead  network,  which  compares  the  error 
with  a nonlinear  function  of  the  error  rate  to  determine  whether 
positive  or  negative  torque  is  required.  It  will  be  inatruotive 
to  compare  the  saturating  system  with  this  optimum  relay  system* 
The  constants  of  a typical  two-phase  60-cyole  servo  motor 
will  be  used  in  this  comparison,  in  order  to  illxxstrate  how  the 
data  contained  in  the  general  curves  can  be  applied  to  a specific 
case.  The  manufacturer's  catalog  supplies,  in  addition  to  a 
speed-torque  curve  at  rated  voltage,  the  following  information: 


Poles  ........... 

No-load  Speed  ... 
Rated  Voltage 
Control  field  . 
Reference  field 
Stoll  Torque  at 
rated  voltage  • 
Moment  of  Inertia 


4 

1680  RPM 

115  volts 
115  volts 

15.7  02-ixu 

0.66  02-in^  • 

(0.00171  02-in-secV**«d) 


At  zero  speed  and  rated  control  voltage,  the  slope  of  the  speed- 
torque  curve  is  such  that  the  friction  coefficient  is^ 


f = 0.0215  oz-in-seo/rad 


(19) 


The  maximum  possible  motor  acceleration  is 


« 


m 


15.7 

0.00171 

8000  rad/seo^ 


(20) 


If  the  speed -torque  characteristics  are  "linearized"  as 
shown  in  Fig.  24,  the  no-load  speed  at  rated  control  voltage 
would  become 


15.7 


0.0215 

637  rad/eec  (6080  RPM) 


(21) 


Speod 

(RPM) 
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Flgur*  24.  Typloal  S];>ead»Torquo  Characteristioa  and 
Linear  Approximation 


whloh  would  oorreapond  to  a motor  oonatant 


= 


m. 


115 

= 5*55  rad/Beo/volt 


(22) 


The  time  oonatant  of  the  motor,  baaed  on  the  value  of  f computed 
above,  would  be 

t - 0 *00171 

0.0215 

= 0.08  aec  (23) 

A time  constant  calculated  In  thia  way  la  known  to  be  optlmlatio 
and  the  actual  performance  will  not  be  aa  good  aa  this  figure 
Would  Indio ate^^"^*^ . Llkewlae , the  no-load  apeed  of  6080  RPM  la 
too  high.  The  linear  appzx>xlmatlon,  however,  la  reasonably  good 


k 

d 

.*?! 

i 

i 

j 

* 


f] 


1 


s 

f 
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at  low  speeds,  as  suggested  by  Fig.  24,  and  provides  a basis 
for  a fair  estimate  of  the  performance  of  a servo  system  In 
which  this  motor  la  used. 

Suppose  nc'^  that  a sezvomechonlsm  la  designed  using  this 
motor,  coupled  to  an  output  shaft  which  adds  no  friction  or 
Inertia  through  an  Ideal  gear  train  having  a ratio  of  100,  and 
that  the  data  system  supplies  a signal  of  1 volt/degree  or 
57 volts/radian.  A block  diagram  of  this  system,  aasiiinlng 
that  the  motor  la  controlled  by  a linear  amplifier.  Is  given 
In  Fig.  25. 


Flg\u*e  25.  Block  Diagram  of  a Linear  Servomechanism 


Since  the  damping  ratio  Is 


2 V Kv'V  * 


the  velocity  constant  of  the  system  will  be 

1 


= 


4 ^ 

= (57.3)  (K^)  (5.55)  > 


100 


whez^  X = 0.08  seconds. 


(24) 


(25) 

(26) 
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If  It  Is  specified  that  t = 0«5»  It  turns  out  that  the  velocity 
constant  and  amplifier  gain  must  be 


= 12.5  sec  ^ 

(27) 

•'a 

~ 3.93  volts/volt 

(28) 

With  this  amplifier  gain, 
frequency  which  la 

CD 

o 


the  system  has  an  imdamped  resonant 


= 12,5  rad/sec 


(29) 


or  approximately  2 cyolea/second. 

Using  Sq,  (17)  and  Table  1,  the  Integrated  absolute  error 
as  a function  of  the  Initial  error  for  a step  Input  la 


1.712 

12.5 


= 0.137 


(30) 


provided  that  saturation  does  not  occur.  If  limiters  are  employed 
so  that  the  motor  voltage  cannot  exceed  115  volts,  saturation  may 
be  considered  to  insult  for  errors  gz*eater  than 


115 

(57*3)(3.93) 
= 0.51  rad 


(31) 


or  approximately  29  degrees.  Thus  for  Initial  errors  leas  than 
0.51  radians,  the  Integrated  absolute  error  Is  giver,  by  Eq.  (30), 
which  gives  a straight  line  of  unit  slope  on  log-log  coordinates. 
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For  inltltxl  errors  i^reater  thar.  0.51  radlpjia,  the  integrated 
absolute  error  Is  larger  than  the  linear  theox'y  predicts,  as 
Indicated  In  Fig.  20.  A curve  like  those  of  Fig.  20  was  plotted 
for  ^ = 0.5  and  used  to  obtain  the  cxirve  for  the  saturating 
system  shown  In  Fig.  26. 

To  plot  the  corresponding  curves  for  this  same  motor,  with 
the  same  rfiar  train  but  operated  by  an  optimum  off -on  controller 
of  the  type  considered  earller^^,  It  Is  necessary  to  compute  the 
maximum  available  output  sx>eed  and  acceleration.  Using  the  same 


assumptions  as  before,  the  maximum  output  speed  v/ould  be 

»n»  = = 6.37  rad/a®c 

XwW 

and  the  maximum  output  acceleration,  from  Eq.  (20),  Is 


(32) 


« = 


= 80  rad/sec^ 


(33) 


As  shown  In  a previous  study^^,  the  Integrated  absolute  error 


cannot  be  less  than 


^ = 


(34) 


■ff 


8.94 


(35) 


whichever  Is  gj^eater.  Equation  (34)  x-reis  developed  by  neglecting 
the  5.nertla,  while  (35)  Is  based  on  zero  friction;  the  Integrated 
absolute  error  In  the  presence  of  both  Inertia  and  friction  Is 
somewhat  greater  than  the  values  given  by  Eqs.  (34)  and  (35), 
which  are  the  asymptotes  of  the  correct  curve  for  very  smedl  or 
very  large  Initial  errors. 


RAOIAN-SECONDS 
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The  etralght-llne  aaymptotea  for  the  off-on  eystem  oan 
be  drawn  quickly  by  noting  that  the  curveo  Intersect  at  an 
initial  error  given  by 


or 


3/2  2 

S = 

8.94  12.74 

1/2 

e^  = 1.425 

o 


(36) 


a = 2.03  rad 

o 


(37) 


At  this  point,  the  Integrated  absolute  error  is 


= 0.326  rad-sec  (38) 

from  either  Eq.  (34)  or  (35).  Knowing  one  point  on  each  curve 
and  the  slopes,  the  dashed  lines  in  Fig.  26  are  constructed. 

The  dotted  curve  represents  the  actual  Integrated  absolute 
error  for  a system  with  both  friction  and  inertia,  ind  is  taken 
from  Fig.  6S  of  a previous  reporl;^^. 

An  optimum  off -on  system  is  no  better  than  a saturating 
but  otherwise  linear  system  for  initial  errors  of  2 radlsuis  or 
more,  but  is  significantly  better  at  smeill  errors.  It  should  be 
remembered  that  all  of  the  curves  in  Fig.  26  are  csaculated  for 
a linear  approximation  to  the  motor  curves  and  that  consideration 
of  the  ourv attire  in  the  speed-torque  chsu'act eristics  v;ould  lead 
to  a nev;  set  of  performance  curves.  However,  the  trends  shown  In 
Fig.  26  are  roproaontatlve. 

The  advantage  of  the  off -on  system  at  small  errors  would  be 
decreased  by  use  of  a lov>rer  clamping  ratio  and  higher  amplifier 
gain,  08  indicated  by  Fig.  22, 


similar  reaultg,  dlflerlng  chiefly  In  detadl,  are  obtained 
by  use  of  the  Integrated  squared  error.  The  slopes  of  the  curves 
are  less  distinctive,  the  Integral  Is  relatively  Insensitive  to 
small  variations  In  the  system  response,  and  the  range  of  the 
IntegreJ.  Is  greatly  Increased.  The  necessary  cxirves  are  developed 
In  the  same  way  as  the  curves  of  Integrated  absolute  error  used 
In  this  reix)rt. 

CONCLUSIONS 

The  statement  has  been  made  that  "It  Is  very  easy  to  syn- 
thesise oont rollers  which  appear  theoretically  to  have  very 
superior  performance  but  vdien  actually  Installed  prove  to  be 
vexy  ordinary,  because  of  system  satxiratlon"^.  It  Is  probably 
more  appropriate  to  state  that  a saturated  system  Is  almost  eia 
good  as  the  best  system  that  can  be  built  and  that,  If  saturation 
1s  avoided,  a loss  of  performanoe  Is  neoessarlly  entailed. 

Hopkln^^  and  KoDoneild^^  have  described  "dual-mode"  systems. 
In  Which  a nonlineekr  lead  network  and  relay  ai^o  used  for  lEU?ge 
errors  and  a linear  amplifier  Is  used  for  small  erz^ors.  The 
saturating  system  with  viscous  friction  Is  similar  In  some 
respects,  but  has  the  disadvantage  that  the  saturating  amplifier 
must  be  capable  of  supplying  the  full  motor  power. 

Comparison  of  the  responses  of  llzioar  and  nonlinear  systems 
should  be  based  on-  a thorough  Investigation  for  a wide  range  of 
Input  magnitudes.  Log-log  plots  of  Integral. absolute  or  squared 
error,  based  on  either  analytic  or  experimented  data,  seem  to 
provide  a graphic  method  of  oomparleon. 


AI'PSIOIX  1 


In  the  unoaturated  or  linear  roclon,  whore  -o,  4 ® ^ t 


the  differential  equation  la  j^from  Sq.  (4)1 


e+2lS<DQO  '*‘®o  ® = 0 


(Al) 


subject  to  the  Initial  conditions 


o(0)  = P e. 


o(0)  = c 


o 2 S 


(A2) 


(A3) 


Applying  the  Laplace  transformation  to  £q.  (Al)  and  rraarranelnc, 


v/o  obtain 


S«B)  = i ^ i 1 

S*  + ZSty.S  uJo  S*  2 s S ‘«e  h 


= P«. 


(%  4.  Sm.)^  4-  u>l{\  - '5‘)  (s  + 'Su).^'  * <■  ( ' - 'S*; 


O i 

^ 2 S ($♦  Sol.)  401/(1  - S*) 


The  Inverse  transformation  gives 

ihl  = Pe^‘«.^  rcosfi^mbt 

A I 


-fl-  'S' 


smV  I - 's'^  u>-t 


2s/r^ 


€ sinVl  - 5S*  ttut 


(A5) 


(AG) 


- - 


By  dlroot  different lat ion » the  orror  rato  In  the  linear  region  is 


e(t)  _ 


e. 


-P‘0, 


V-  is 


Y I — *5*  w^t. 


Qq^ 
2S  ^ 


B,  Saturated  Region 


cos 


/rr%*-  - sm-fTT^  tu^t 

Y ' - 


^A7)  U 


> 


In  the  saturated  region  for  which  a ^ e , the  differential 

c 


equation  la  fron  (4)J 


•-  y • 2 

e + 2 3 Oq  e = - ®c 


(Bl) 


subject  to  the  initial  conditions  of  Jkis.  (a2)  and  {^o)»  Applying 
the  Laplace  transformation  and  rearranging,  we  obtain 


'Ao)  = 


PCc 


ec 


+ 2 ^5  «A^o) 


Q 


w^.€c 


o Z'S  s (s  + Z !S  cu.) 


(B2) 


The  Inverse  transformation  gives 


e(t) 


= p _ ^ + (B3) 


-Z'SWjt' 


e. 


from  which,  by  differentiation,  v/e  obtain 

tu« 

2jr  2!s  ■ es 


im  = - e + Q ^ e 


rZ'scOpt 


(B4) 


In  the  other  saturated  region  for  which  e ^ -e^ , the  right - 

2 

hand  side  of  Eq.  (Bl)  becomes  + ci'.  e_;  the  only  difference  In 

0 c 

the  solutions  Is  therefore  In  the  signs  of  the  terms  which  do  not 
Involve  the  initial  conditions. 


I 

il 


l( 
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The  error  is  thua 

^ -M- ^ 

and  the  error  rate  la 

«(t)  ^ _ JMl_  --2'S'^*  -JUi-  e-^‘*“'»'‘-  IBS) 

~ 25  25  ^ 25 

APPiSKDIX  II 


Althotigh  calculation  of  the  Integrated  absolute  error  for 
even  a linear  second-order  ayetem  appears  formidable  at  first 
glance,  the  process  Is  a trolghtf onward  and  the  fln.al  result  Is 
remarkably  simple.  If  the  system  is  asstunod  to  bo  Initially  at 


rest,  the  error  for  a unit  step  function  Input  la  £from  Appendix 
I,  Sq.  (a6)] 


e(t) 

= e”  ^ coaijl  - cogt  + ^ n;  Blnij} 

rTp  (Cl) 

'.^hlch 

can  also  bo  ^rltton  as 

o(©) 

r 1 

= 0 cos  0 + <r  sin  0 1 

(C2) 

whei?o 

(T  = ..  ^ «i- 

l/l 

(C3) 

0 = Vl  “ 

(C4) 

The  Integral  of  the  absolute  value  of  the  error  Is  then 


- ^ |o(t)j  dt 

" c-ol/l"  -S'  i 


CO 


i(9)l  de 


(C5) 

(C6) 
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In  the  oscillatory  case,  the  error  is  alternately  positive 
and  negative,  being  zero  for 


0 = tan“^(-l/<r)  + ft  ’’ 


= 0^  + n »T 


(C7) 


(C8) 


where  n/2  ^ ^ n,  and  n = 0,  1,  2,  S^uatlon  (C6)  may  thus 

be  written  os  the  sum  of  a n^]mber  of  Integrals  with  alternating 
signs,  as  follows: 
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= -£(0)  + 2 E(03^)  - 2 ECOj^+tt)  f 2 S(0-^+27t)  - •• 


Where  £(0)  Is  the  Indefinite  Integral 
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Now,  since  cos(0^+n7r)  = (-1)  oos0^  and  slnCOj^+njt)  = (-1)  slnO^^, 
Sq.  (CIO)  oan  be  put  in  the  form 
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The  8\inniatloxi  can  be  v/rltten  In  finite  form  by  use  of  the  formula 
for  the  sum  of  a geometric  aorlea;  the  reault  la 
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Further  simplification  la  possible  In  the  Interests  of  ease 
of  computation*  Recalling  that  tan  0^  = -1/^ , It  turns  out  that 

(016) 


cos  i 


sin 


(C17) 


5 -l/2 

with  these  substitutions  and  leaving  0“  = 5(1-0“)"^  wherever 


oon/enlent,  the  final  exprosslon  Is 


(C18) 


The  Integrated  absolute  error  for  a step  function  of  magnitude  P 
Is  therefore 

-a©i 
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(C19) 


The  simplicity  of  Eq.  (019)  Is  somev/hat  misleading,  as  <r  and 
are  still  functions  of  the  damping  ratio,  ^ ; nevertheless,  the 
result  Is  simpler  than  might  have  been  expected* 
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